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ABSTRACT

We examine the geometric theory of the weighted spaces of holomorphic
functions on bounded open subsets of C*, H,, (U) and Hy, (U), by finding
a lower bound for the set of weak*-exposed and weak*-strongly exposed
points of the unit ball of H,,(U)’ and give necessary and sufficient con-
ditions for this set to be naturally homeomorphic to U. We apply these
results to examine smoothness and strict convexity of H,, (U) and H (U).
We also investigate whether My, (U) is a dual space.

1. Introduction

The Banach—Stone Theorem tells us that, given compact Hausdorff sets K and
L, the Banach space C(K) of all continuous functions on K is isometrically
isomorphic to C(L) if and only if K and L are homeomorphic. The key to
this result is to show that there is a one-to-one correspondence between K
and the extreme points of the unit ball of C(K)’. This approach has proved

* The second author was supported by MCYT and FEDER Project BFM2002-

01423.
Received March 31, 2005

57



58 C. BOYD AND P. RUEDA Isr. J. Math.

useful in other function spaces; see [3], [17]. In [12] the authors commenced a
geometric study of the weighted spaces of holomorphic functions M, (U) and
H,(U) where U is a bounded open subset of C" and v is a strictly positive
continuous, weight on U which converges to 0 on the boundary of U. This paper
may be considered as part of the isometric classification of weighted spaces of
holomorphic functions. The isomorphic classification is considered in {11], [21],
[22], [23], [24], [25], [26] and [27]. The phenomenon found in [3] and [17] appears
in [12] again and we prove that an upper bound for the set of extreme points
of the unit ball of H,, (U) is {Mv(2)d, : 2 € U, X € C, |\ = 1}. We use B,(U)
to denote the set of all z € U such that v(z)d, is an extreme point of the
unit ball of H,, (U)" and call it the v-boundary of U. In this paper we obtain
a condition on the weight v that ensures that this upper bound is attained.
As we shall see, when the set of extreme points of the unit ball of H,, (U)' is
{Av(2)d, : z € U, A € C,|A| = 1}, certain conclusions may be drawn concerning
v, Hy, (U) and H,(U). In subsequent papers [13] and [14] we shall make use of
the v-boundary to classify isometries between weighted spaces of holomorphic
functions.

Let U be a bounded open subset of C®. A weight v on U is a bounded,
strictly positive, continuous real valued function on U. We shall work with
weights which converge to 0 on the boundary of U. By this we mean that given
€ > 0 there is a compact subset K of U such that v(z) < € for z in U\ K. We will
use H,(U) to denote the space of all holomorphic functions f on U which have
the property that ||f||, := sup,cy v(2)|f(2)| < oo and endow H,(U) with the
norm || f|l,. Addition symmetry on v allows us to conclude addition properties
of H,(U). Such symmetry is provided by radial weights. A weight v on a
bounded, balanced, open subset U of C™ is said to be radial if v(Az) = v(z) for
all z € U and all X in C with |Al = 1. The space H,{U) is a dual space and
when v is radial it is even a bidual. Indeed, when v is radial it is the bidual
of Hy, (U), the set of all f in H,(U) such that |f(z)|v(z) converges to 0 as z
converges to the boundary of U.

In this paper we give a sufficient condition for Av(z2)d, to be an exposed
(or equivalently weak*-exposed) point of the unit ball of H,_ (U)'. (We do not
assume that U is balanced or that v is radial.) A weight on the unit ball of C™ is
said to be unitary if it is invariant under unitary matrices. We have a particular
interest in determining under which conditions on v we have B,(U) = U. Such
weights are said to be complete. We will show that a unitary weight on Be- is
complete if v: Bor — R is a strictly decreasing unitary weight on the unit ball
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of C™ such that v(z) is twice differentiable and

2 2

<a%”(””)) _ v(x)(%v(x)) >0

for all z of the form (zy,0,...,0) with x; in (0,1). We show that the norm at
a point of the unit sphere of H,_(U) is Fréchet differentiable if and only if it is
Gateaux differentiable and give examples of both complete and non-complete
weights on bounded open subsets of C™. In examining completeness of weights
we shall see that it is logv that seems to give us more information rather than
v itself. We prove that Byxw(U x V) = B,(U) x By (V) and investigate the
connection between the associated weights ¢ and 9, and B, (U).

The final section is concerned with applying our results on the v-boundary to
obtain information on the geometry of H,(U) and H,, (U) when the weight v
converges to 0 on the boundary of I/. We show: both of the spaces H,(U) and
H,,(U) are never smooth; when U is balanced, v is radial and each point of the
v-boundary of U is a peak point, then neither H, (U) nor H,, (U) is rotund.

ACKNOWLEDGEMENT: The authors would like to thank Professor K.D. Bier-
stedt for his comments and references.

During the summers of 2001, 2002 and 2003 the first author made short
visits to the University of Valencia. He wishes to thank the Department of
Mathematical Analysis there for its hospitality during those visits.

2. Structure of the v-boundary

In [12] we showed that the extreme points of the unit ball of H,_(U)" are con-
tained in the set {\v(z)d, : z € U,|A\| = 1}. It is readily seen that v(z)d,
is an extreme point of By, (v) if and only if Av(z)d, is an extreme point of
By, )y for any X in C with |A\| = 1. Therefore, to specify the extreme points
of By, vy it is sufficient to give the set of all z for which v(z)d, is an extreme
point of By, (). This set we denote by B,(U) and call the v-boundary of U.
We showed in [12] that radial weights have radial v-boundaries in the sense that
z € B,(U) if and only if Az € B,(U) forall A € T := {X € C: |\ = 1} and
that the mapping p: U — (Hy (UY,0(H,, (UY, Hys (U)), p{z) = v(2)4,, is a
homeomorphism onto its image. From this it follows that B, (U) is a G subset
of U.

Definition 1: Let U be a bounded open subset of C™. Given a subset A of U
we denote by Ao gy the closed convex H hull of A in U. That is

Apooy = {2 €U 1 |f(2)| < || f]la for all f € H=(U)}.
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Given A as above we shall use cx(A) to denote the closed convex hull of A in
U.

THEOREM 2: Let U be a bounded open subset of C" and v be a continuous
strictly positive weight on U which converges to 0 on the boundary of U, then
By(U)peo(1ry = U. In particular, if U is convex then cz(B,(U)) = U

Proof: 'We may suppose without loss of generality that v(z) <1 for all z in U.
Suppose that the result is not true. Consider z in U\By(U)ye0(yy- By definition

e

of By(U) o0 1y We can find fo in H(U) so that fo(2) > 1 and f,(y) <1 for all
y in B,(U). Since f, is bounded on U, f7 belongs to H,, (U) for any n > 0. By
the Choquet Type Theorem [12, Theorem 18] we can find a C-valued measure,

v,, of bounded variation with support contained in B,(U) so that

f(w) dv,(w)

U

(%) &)= [

v (U)

for all f in H,,(U). Applying (*) to the functions f? where n > 0 we get

£O=[
B,(U)
for all n > 0. From this it follows that

[fo()" < N follz, @)llvzll

for all n > 0 where ||v,|| is the total variation of v,. However, for n large enough
we have || fol|3, o llvzll < 1 while [fo(2)|" > 1. This contradiction implies that

We shall use A to denote the open unit disc in the complex plane.

COROLLARY 3: Let v be a continuous strictly positive radial weight on A which
converges to 0 on the boundary of A. Then every point of the boundary of A
is an accumulation point of B,(A).

Proof: Suppose that there is 2, in the boundary of A which is not an accumu-
lation point of B,(A). There we can find € > 0 so that B,(A) N B(z,,€) = 0. It
follows from {12, Lemma 5] that B,(A) C B(0,1 — €) contradicting Theorem 2.
]
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3. A Smul’yan type Theorem

In order to obtain a lower bound for the v-boundary we will investigate the
weak*-exposed points and weak*-strongly exposed points of the unit ball of
H,, (U)'. We recall the following definitions:

Definition 4: Let F be a complex Banach space. A point z in E is said to be
an exposed point of the unit ball of E if there is ¢ € E' of norm 1 such that
Re(¢(x)) =1 and Re(é(y)) < lforally € E, ||ly|| <1,y # . When E = F' is
a dual space and the vector ¢ which exposes x in Bg is in F', we shall say that
z is weak® -exposed and that ¢ weak® exposes the unit ball of E at x.

Definition 5: A unit vector x in the Banach space E is strongly exposed if there
is a unit vector ¢ € E’ so that ¢(z) = 1 and given any sequence (zx) C Bg with
¢(zx) — 1 we can conclude that z; converges to z in norm. We will say that ¢
strongly ezposes Bg at . When E = F’ is a dual space and the vector ¢ which
strongly ezposes B is in F, we shall say that x is weak*-strongly exposed and
that ¢ weak®-strongly exposes the unit ball of E at z.

The following diagram gives the relationship between the families of points
we have introduced to date.

strongly exposed ——— > exposed

™

extreme

/

weak*-strongly exposed —— weak*-exposed

Each weak*-exposed point of the unit ball of E’ is an extreme point of the
unit ball of E/. Smul’yan [34] shows that a point z in Bg weak*-exposes the
unit ball of E’ at ¢ if and only if the norm of E is Gateaux differentiable at
z with derivative Re(¢) while in [35] he shows that a point z in Bg strongly
weak™-exposes the unit ball of E’ at ¢ if and only if the norm of E is Fréchet
differentiable at z with derivative Re(¢).

THEOREM 6: Let U be a bounded open subset of C™ and v be a continuous
strictly positive weight on U such that v(z) tends to 0 as z converges to the
boundary of U. Then for f, in By, ), A € I and z € U the following
conditions are equivalent:
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G(a) The norm on H,, (U) is Gateaux differentiable at f, with differential
v(z)Re(Ad,).
G(b)

(i) v(2)Afo(2) =1.

(i) If (2x ) is a sequence in U and (Bi)x is a sequence of complex num-
bers of modulus 1 so that v(zx)Bkfo(zx) — 1 then (2x)r and (Bk)k
have subsequences (zx,); and (Bk, )i, so that v(zki)ﬁkiézki converges
weak* to v(z)Ad,.

G(c) The point z is the unique point in U with the property that v(z)Af,(2) = 1.

F(a) The norm on H,, (U) is Fréchet differentiable at f, with differential
v(2)Re(N\d;).

F(b)

(i) v(2)Afo(2) = 1.

(ii) If (2) is a sequence in U and (B)y is a sequence of complex num-
bers of modulus 1 so that v(zx)Bkfo(2x) — 1 then (2x)r and (Bi)k
have subsequences (2, ); and (Bk,)s, so that v(2k,)Bk, 0z, converges
in norm to v(2)Ad,.

F(c) f, strongly weak*-exposes the unit ball of H, (U)" at v(z)Ad,.

Proof: By the Theorem of Smul’yan in [34], G(a) implies v(2)d, is the unique
point of the unit ball of H,, (U) so that

(fo,v(2)d2) = v(2) fol2) = 1.

In particular, z is the unique point in U so that v(2)|f,(z)| = 1.

By the Theorem of Smul’yan in [35] F(a) and F(c) are equivalent.

Suppose G(c) holds and that F(b) part (ii} is not true. Then we can find a
neighbourhood V of 0 in H,,(U)', a sequence (zx)5>; in U, a sequence (8x)p,
of complex numbers with modulus 1 such that v(zg)B%fo(2x) — 1 but none of
the points v(z)Bkd,, lies in v(z)Ad, + V. We can choose a subsequence (B, );
of (Bk)x which converges to x4 € I'. We now choose a subsequence, (24), of (2x,)
so that (z4), converges to some 7 in U. Since f, € H,, (U) and

Jim v(za)Be fo(2a) = 1

Z cannot belong to the boundary of U and hence is a point of U. As the function
z — v(2)d, is continuous we have that B8,v(24)d,, converges in norm to pv(z)d;.
Therefore

(*) ’U(Z)p,fo(é) = ali_’ngo v(za)ﬂafo(za) =1
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By our assumption pv(Z)d; cannot be equal to Av(z)d,. Furthermore z # Z,
since the equality of z and Z along with () will imply g = X. From (*) we now
get that v(2)|f,(2)| = 1 which contradicts G(c). Hence we see that G(c) implies
F(b).

Now suppose that G(b) holds and that G(a) is not true. Then we can find f
in H,,(U), e > 0 and a sequence (Ag)x of real numbers converging to 0 so that

1o+ XSl = lifoll = Aev(z)Re(Af(2)) > €] Al

for every positive integer k. We choose, for every k € N, z, a point in U and
B in C with |8 =1 so that

U(zk)ﬁk(fo + )\kf)(zk) = Hfo + )\fcfu
Then we have

1=/l
2 v(ze)Re(Befo(2k))
= v(2k)B(fo + Ak f)(2k) — Axv(ze)Re(Br S (2k))
> | fo + Aefll = [Ael 1l
Since (Ag) is a null sequence, || fo+ Ak f||—|Ak]|| f|| converges to || fo|| as k tends to
00. Thus we have that v(zx)Re(0k fo(2x)) and therefore v(z) Bk fo(2x) converges
to 1 as k tends to co. Hence, by part (ii) of G(b), there are subsequences (zy, };

of (2x)x and (B, )s of (Bk)k so that v(zk,)Bh,, Iz, converges weak® to v(2)Ad,.
We have

1 fo + Ak, fll > Re(Av(2)(fo + Ak, £)(2)) = [ foll + A, v(2)Re(Af(2)).
Therefore we have that

€A | < llfo + Ak Sl = | foll = A, v(2)Re(Af(2))]
= [[fo + Xe; Il = [ foll = A, v(z)Re(Af(2))
= v(zk, )Re(Br, (fo + M, ) (2r.)) = I foll = Ar,v(2)(ReAf(2))
= v(zk, ) Re(Bx, folzr,)) + Ak, v(2k, ) Re(Br, f(2k,))
= [l foll = A, v(2)Re(Af(2))
< |k [lv(ze, )Re(Br, f(2k,)) — v(2)Re(Af(2))]

for all k;, which is impossible and shows that G(b) implies G(a).
Clearly we have that F(b) implies G(b).
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Now suppose that F(b) holds and F(a) is false. Then we can find € > 0 and
a sequence (fi)x in H, (U) converging to 0 so that

I1fo + fell = 1 foll = v(z2)Re(Afk(2)) = €]l fll

for every positive integer k. We choose, for every k € N, 2z in U, and || =1
so that

o)k fo + F0)(a8) > o+ Fell = Il

Thus we have

1= ”fo“
> v(zk)Re(Br folzr))
= v(2k)Bk(fo + fr)(2x) — v(zr)Re(B fi(2x))

> Ufo+ el = LAl = el

Since || fo + frll = £ fell — [lfull converges to ||fo[l as k tends to oo we have
that v(zz)Bkfo(zk) — 1. Part (ii) of F(b) now implies there are subsequences
(2k;)i of (2k)k and (Bg,)i of (Bk)x so that v(zx,)Bk,0,,, converges in norm to
v(2)Ad,. Thus we have

el fiall <Nfo+ il = 1foll = 02 RO, (2))
<08, o+ o)) + e = 1ol = v RE(A S (2)
<o(ek ) Re(Br fol2r,)) — (2 Re(Af,(2))
+ e (oo (B ) ~ (RO + 1)

<ol (Io(aw ) Re(B e, ) - o(2)Re(N) + 1)

and we arrive at a contradiction. Thus F(b) implies F(a). [

Thus we see that for spaces of the form H, (U) Géateaux and Fréchet differ-
entiability of the norm at a given point coincide.

Definition 7: Let U be a bounded open subset of C™ and v be a continuous
strictly positive weight on U which converges to 0 on the boundary of U. We
say that z € U is a v-peak point if there is f € H,,(U) such that v(z)f(z) =1
and v(w)|f(w)! < 1 for all w € U with w # 2.

By Theorem 6, z is a v-peak point of U if and only if v(2)é, is a weak*-exposed
point of H,_(U)".
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PROPOSITION 8: Let U be a bounded balanced open subset of C™ and v be
a continuous strictly positive radial weight on U which converges to 0 on the
boundary of U. If z is a v-peak point of U and A € I then Az is also a v-peak
point of U.

Proof: If f weak*-exposes the unit ball of H,,(U)’" at v(z)d, and A € T, define
fr € Hy (U) by fr(2) = f(A2). Since v is a radial weight Theorem 6 will imply
that f) weak*-exposes the unit ball of H,, (U)" at v(Az)d,. ]

PROPOSITION 9: Let U be a bounded open subset of C™ and v be a continuous
strictly positive weight on U which converges to 0 on the boundary of U. Then
the set of v-peak points of U is dense in B, (U).

Proof:  Since H,,(U)" is a separable dual space it has the Radon—Nikodym
Property. Therefore the closed unit ball of H,, (U)' is the weak*-closed convex
hull of

P = {A\v(2)é, : z is a v-peak point of U, A € T'}.

It follows from [19, Theorem 13.B] that the set of extreme points of the unit ball
of By, (uy is contained in the weak*-closure of P. By [12, Lemma 9] it follows
that the set of v-peak points of U is dense in the v-boundary of U. |

4. Complete and incomplete weights

We now have a method of finding examples of complete weights on a bounded
open set U. By Theorem 6 it is sufficient to show that given 2z in U there is
fo in the unit ball of H,, (U) with the property that z is the unique point in U
with the property that v(z)|f,(z)| = 1. Let us give a condition on v which will
imply this.

Definition 10: A continuous strictly positive weight v on B is said to be
unitary if v(z) = v(Az) for every n x n unitary matrix A.

Hence v is unitary if and only if v(2) = v(w) whenever ||z|| = |w|. fn =1
the concept of a unitary weight coincides with the concept of a radial weight.
For n = 2 the weight v(z) = (1 — ||z||'*+ 7 tan ™ (Iz2l/I21D) is a radial weight which
is not unitary. It is readily shown that if v is unitary then B,(Bcr) is unitary in
the sense that z € B,(Bgn) if and only if Az € B,(Bgr) for all unitary matrices
A (see the proof of [12, Lemma 5]).

A weight v on a bounded balanced domain U in C" is said to be strictly
decreasing if for every point 2, in the boundary of U the function (0,1) — R,
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A — v(Az,) is strictly decreasing. In particular, this means that, when it exists,
the derivative of v is negative along each ray in U with centre 0.

ProPOSITION 11: Let v: Ban — R be a continuous strictly positive strictly
decreasing unitary weight on the unit ball of C™ which converges to 0 on the
boundary of Ber such that v(z) is twice differentiable and

Ov(z)\? 0*v(x)
( Or1 ) —v(@) ox? >0

for z of the form (z1,0,...,0) with 2 in (0,1). Then the weak*-exposed points

of the unit ball of H,,(Bcr)' is the set {v(z)A\d, : A€ T,z € Bgn}.

Proof: First observe that a suitably normalised constant function will weak*-
expose the unit ball of H, (Bc»)' at v(0)d. Let us fix r. Consider z with
|z|| = r. We can find r1,...,7, > 0 with r# + .-+ + 72 = r? < 1 that allows us
to write z as z = (r1€%1, ... r,e¥n). Let f(2) = e** for a € (0,00). Then

v(2)|£(2)] = o(r)|exe" |

— U(’/‘)earl cos 61 .

Hence the maximum of v(r)|f(r1e®:, ..., r,e?)| subject to r? 4 --- 4+ r2 =72
occurs when r; = r and 6; = 0. Furthermore, we have that v(r)|f(r,0,...,0)]
is strictly greater than v(w)|f(w)| for any other w in B with ||w]| = r.
Let us now consider v(z) f(z) restricted to the line segment
{(x1707 s 70) 1Ty € (07 1)}

Differentiating v(zy,0,...,0)e*** with respect to z; we get

i(,u(xl 0 O)Gaxl) = %1 (a’U($1 o0,... 0) + i’U($1 o,... 0))

axl ) et Py ) axl bl ) ?
Given z, € (0,1), v(z1,0,...,0)e** will have a local extreme point at

(%0,0,...,0) when
1 ov(z,,0,...,0)

CYO__v(aco,O,...,O) 0z,
As
0 1 0
2 0 ¢ 1 0
v(z1,0,...,0) B, (v(xl,O,...,O) (,hlv(ml,(),...,()))
2 9 2
:v(g;l,o,...,O)Ex—%v(xl,o,...,O)—(b—gv(xl,o,...,o)) <0,
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the function
1 ov(z1,0,...,0)

v(z1,0,...,0) 0z

is strictly decreasing on (0,1). Hence the point (z,,0, ..., 0) is the only extreme

point of v(x1,0,...,0)e*%* in Bgn on the line segment {(z1,0,...,0) : z; €
(0,1)}. Differentiating a%l(v(a:l, 0,...,0)e**) with respect to z;, we get that

0? 0
*6?(1)(131, 0,..., O)eaoxl) — %%l (CYO (aov(ml, 0,...,0)+ 5—3‘;1}(1‘1, 0,... ,0))
1
0 9?
+a06—xlv<m1,0,.,.,0+ 8—ﬁv(m1,0,...,0)).
As
2
88—3:1(1)(%’ 0,...,0)e%%) = (ao (aov(xo, 0,...,0)+ %v(mo,(), ey O))
0 0?
+ oz 0(z,0,,0) + &?v(xo,O,...,O))
=¢ (— (—6;?0(330,0,...,0)) /v(2,,0,...,0)
92
+ W’U(IJO,O, e ,0)),
1

it follows by assumption that

0 2 0?
—(a—ﬁv(xo,(),...,())) Jv(z,,0,...,0) + a—mgv(xo,O,...,O) <0
and therefore the point (z,,0,...,0) is the unique maximum of the function
v(z3,0,...,0)f(z1,0,...,0) for z; in (0,1).

Now let w be any other point of Be». Let r = |jw||. As the group of unitary
matrices acts transitively on spheres we can find a biholomorphic mapping ¢ so
that ¢((r,0,...,0)) = w. As v(w) = v((r,0,...,0)) it follows from Theorem 6
that f o p~1 weak*-exposed the unit ball of H(Bcr)" at v(w)d,,. |

We note that the condition that

0%v(z1,0,...,0)

Ov(z1,0,...,0)\2
) >0
( 0x?

oz, ) —v(21,0,...,0)

for z3 in (0, 1) is equivalent to either of the two conditions listed below:
i 1 dv(z1,0,...,0)

© v{z1,0,...,0) Bzt
2. The function z; — logv(z1,0,...,0) is concave down for z; in (0,1).

is strictly decreasing on (0,1).
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As
82 2
— log(v1(21,0,...,0)ve(21,0,...,0 log(vy(x4,0,...,0
527 OB (@1,0,0- 0)0a(21,0,..,0)) =5 log( (51,0, .., 0)
82
+a—ﬁlog(v2(x1,0,...,0))
and

2 32

p 2log( (xl,O,...,O)")=awlog(v(w1,0,...,0)) fora >0
1

we see that the condition in Proposition 11 is stable under finite products and
positive powers.

COROLLARY 12: Let v: Ba» — R be a twice differentiable strictly decreasing
strictly positive unitary weight which converges to 0 on the boundary of Bgn
such that v(x1,0,...,0) is concave down for z; in (0,1). Then the set of weak*-
exposed points of the unit ball of H, (Bcr) is {M(2)d, : A€ T,z € Ben}.

Proof:  Since v(z1,0,...,0) is concave down %v(ml,o,...,ﬂ) < 0on (0,1)
1

and therefore

2

8 2
(——v(xl,O,...,O)> _U(m1a07"‘70)5?%

B v(z1,0,...,0) >0

for all z; € (0,1). |

Example 13: Given a > 0, 8 > 1, each of the following weights on Bcr is
complete.

(a) va,8(2) = (1= [2]7)=.

(b) wa,p(z) = e~/ (-1 17y,

(c) v(2) = (log(2 — ||[))*.

(d) v(z) = (1 - log(1 — [|z[}))~*

(e) v(2) = cos (311).

(f) v(z) = cos™! |Iz]|

(g) Finite products of the examples in (a) to (f)

Proof: By the remark preceding Corollary 12 we may assume without loss of
generality that o = 1.
(a) Since

_ B-2 2(3-2
5%(«;1;(95) avgjl(x))Z_ﬂ((ﬂ 1()136— z;)r2x )
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this case follows from the Proposition 11.
(b} In this case we have that
o? —2ﬂ2x2(ﬁ‘1) [32xﬁ‘2 ,6555_2

Z = -
dz? 8L (1—28)3 (1—28)? * (1-2P)?

and again this case follows from Proposition 11.
(c) We have that

0 1 Ov(z)y log(2—z)+1
dzy (v(:c) Oz ) ~ (2-1)%(log(2 - 7))?

and Proposition 11 gives us that v is complete.
(d) In this case

2 1 1 1
dx? logv(z) = — (1-12)2 ((1 —log(1—z)) (1—1log(l— :1:))2)

Cases (e) and (f) follow immediately from the fact that cos(3z) and cos™(x)
are concave down on the interval (0, 1).
Case (g) follows from the observation before Corollary 12. |

We note in passing that in finding examples of complete weights we have only
used one family of exposing functions on Ben, namely functions of the form
e*?1, QOther families of exposing functions could well yield other examples of
complete weights.

One might now conjecture that every continuous strictly positive weight which
converges to 0 on the boundary of U is complete. The following example quickly
dispels such illusions.

Let 0 < r < 1 and let v be any strictly positive continuous weight on A with
the property that v(z) = ¢ is constant for |z| < r and v(z) — 0 as z converges
to the boundary of U.

Let i: rA — A be the natural inclusion i(z) = z, da: A — H,(A)' be given
by da(z) = 8,. Then A o4 is a bounded holomorphic mapping from rA into
Hy(A) (1 > |jv(2)8a 0i(2)]| > 1v(z) = 1 for ||z]| < r). Suppose U is an open
subset of a Banach space E. Mujica [28] shows that there is a Banach space
G>®(U) and dy € H®(U;G*(U)) such that the following universal property
holds: given any Banach space F and any f € H™(U;F) there is a unique
continuous linear operator Ty: G*(U) — F such that f = Tyody. Hence, by [28,
Theorem 2.1] there is a continuous linear mapping G*(i): G®(rA) — H,(A)
so that da 01 = G®(i)0d,a. The map G°(7) is the transpose of restriction map
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R from H,, (A) = H®(rA), f — flra. Since H,,(A) contains all polynomials,
it follows from [28, Lemma 5.1 (d), Proposition 4.9 (c¢) and Proposition 4.7 (b)]
that R has o(H*(rA), G*®(rA))-dense range. Applying [20, Corollary 2 to
Proposition 3.12.2] we have that G*°(7) is injective. By [2] we know that the
unit ball of G*°(rA) has no extreme points. Hence, given z € rA we can find
$1,$2 in the unit ball of G®(rA) with ¢; # ¢2 such that §, = (¢1 + ¢2)/2. So
cbz = (cd1 +c¢2)/2 and since [|G* (i) (cg)|| < [|¢ll, G=(1)(cd1) and G*=(i)(cg2)
are in the unit ball of H,(A)". As G™(7) is injective, G*(i)(cp1) # G™(i)(cd2).
Hence c6, = ¢ da 0i(z) = ¢ G™(i) 00, (2) = G (i)(cd,) is the midpoint of the
line segment from G™(i)(cg1) to G™(i){cg2) and therefore is not an extreme
point of the unit ball of H, (A).

In order to examine the topological structure of the w-boundary of non-
complete weights we consider the following example.

Example 14: Let z, € (0,1) and consider a continuous strictly decreasing,
strictly positive, radial weight w: {z : |z| € [z,,1)} — R which converges to
0 as |z| tends to 1. Suppose that w(x) is twice differentiable on |z,,1) with
w'(z)? — w(z)w"(x) > 0 for x € [z,,1) and w'(x,) < 0. Define v: A — Rt by

o(z) = w(z,) if|z| < zo;
(2) {w(|z|) i 2| > o,

Then B,(A) = {z: |2| € [z,,1)}

Proof:  Let
A=w"(z,)/2, B=w'(z,)— w"(x,)z,

and
C = w(m,) + (w”(2,)/2)22 — W' (),

Since lim,_,, w'(z) < 0, and Az? + Bz + C is continuous we can choose € > 0
so that w”(z,)(z — ,) + w'(z,) < 0 and Az? + Bz + C > 0 for |z — z,| < €.
Define a new weight u: A — R* by

Az, —€)2 + Bz, —€) +C if |2z| <z, —¢;
u(z) = ¢ Alz|*>+ Blz| +C if 7, — € < |2| < zo;
v(]z]) if |2| > z,.

Then u is a continuous strictly positive radial weight on A. Furthermore, for
|z] > o, — €, u is a strictly decreasing function of |z|. Consider the function
fa(z) = %% for a« > 0. Let 21 > z,. Taking a@ = —u'(z1)/u(z;) the calculation
of Proposition 11 shows that u(z)|f,(z)| attains its maximum on (z, —¢,1) at
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z1. Furthermore, the value of u(z)|fa(2)| at all other points of (z, — ¢,1) is
strictly less than the value at z;. Since f, is strictly increasing on (0,1) and
u is constant on (0,z, — €) we see that the value of u(z)f,(z) at =z, is strictly
greater than any other point of (0,2, —€). As v(z) < u(z) for z € A and
v(z1) = u(z1) the function v(z)|fo(2)| will also have a unique maximum at z;.
Hence z; € B,(A). The fact that v and u are radial allows us to rotate any
other point of {2 : z, < |2| < 1} onto a point with real coordinates and get that
B,(A)={z:2, < |z| < 1}. 1

This example shows that if v is a continuous strictly positive radial weight
which converges to 0 on the boundary of U then the v-boundary need not be
an open subset of U. We know from [12, Proposition 12] that it is always a Gs
set. We do not know if the v-boundary must always be a closed subset of U.

Unitary weights may be regarded as weights on the unit ball which exhibit

a symmetry with respect to the set of unitary matrices. As we have seen, this
symmetry allows us to give a sufficient condition for the weight to be complete.
In the following example we give another sufficient condition for a weight to be
complete. In this case our weights are “rectanguler” weights on a square in the
complex plane.
PROPOSITION 15: Let vy,va: [0,1] — R be continuous strictly positive de-
creasing functions which satisfy vi(z) < 0 and vi(z)? — v;(z)v!(z) > O for
z € (0,1), and v;(1) = 0 for i = 1,2. Then the weight v: (—1,1}x (-1,1) —» R*,
v(z) = v1(Jz|)va(ly|) is complete.

Proof: First we observe that a suitable constant function weak*-exposes the
unit ball of H,,,((—1,1) x (—1,1))" at v(0)dp. Let us next consider the case when
Zo > 0, yo > 0. Let v = o+ 40 and consider v(z)|e7?|. For z,y > 0 we have

v(2)|€7%] = vy (x)va (y)e*®ePY,
Therefore
V(o1 (z)va(y)e*“e™)
= ((v1(x) + avi(z))va(y)e™e™, v1 (2)(v3(y) — Bua(y))e*Te ).
When a = —v}(z,)/v1(z,) and 8 = v4(y,)/va(yo) the point z, + iy, is a critical
point of v(z)|e7?|. Since v}(z) < 0 and vi(z)? — v;(z)v!(z) > 0 for = € (0,1),
1 = 1,2, this is the only critical point. Now

2
afay<“<2>le’zl> = (v} (z) + ov1 (z)) (vh(y) — Bua(y))e*Te P
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and we see that

32
vz —
(9.’L'ay(v(Z)[e |)('7"07y0) 0

However,

82 ,UI o 2

3 (VI @0, vo) = e7oe Houa(y,) (- Jl(é: )> + ] (20)) <0
and

62 z T ,— 5 0 2

SN @ 30) = e Broun(ao) (= L i) <o
Hence

82

am—ay(v(z)lew)l(mo, Yo) =0

< (S0 Dr0)) (y e Derwe):

As %(v(z)\eﬁl)(a}o,yo) < 0 the Second Derivative Test implies that v(z)|e¥?|
has a local maximum at z,+iy,. For z < 0 or y < 0 we note that v (z) = v1(—2)
and va(y) = v2(—y). Hence v1(z)e®® < vi{~xz)e™%® or va{y)e ™Y < va(—y)eY.
Therefore, the value v(z)[e??| at =, +1y, is strictly greater than the values at all
other points and so z, + iy, € B,((~1,1) x (—1,1)). For z, < 0, yo > 0 (resp.
(z, < 0, yo < 0), (xo > 0, Yo < 0)) we replace €¥* by e!7* (resp. e~ 7%, e77%).

Finally suppose y, = 0 and z, > 0. Let @ = —v{(z,)/v1(z,). It follows as
in the case with unitary weights in Proposition 11 that vy(z,)e**°] is strictly
greater than v;(x)|e®®| for > 0, £ # .. As v1(x)v2(y)e*® < v(z,)v2(yo)e*™°
for y # 0 it follows that e weak*-exposes the unit ball of H,,_((—1,1)x(-1,1))’
at z,. An analogous argument shows that if 8 = v}(y,)/v2(yo) then €% weak*-
exposes the unit ball of H,, ({—=1,1) x {—1,1))" at iy,. |

EXAMPLE 16: The weight v(z) = (1 — |z|*)(1 — ly|®), «,8 > 1, satisfles the
conditions of Proposition 15.

5. The v-boundary of polydisc domains
Let us now examine how the v-boundary respects Cartesian products.

Definition 17: Let U be an open bounded subset of C™, v be a continuous
strictly positive weight and F be a Banach space. We shall use H,(U, F) to
denote the Banach space of all holomorphic functions f: U — F such that

Ifllo == sup ev 0(2)| f(2)]| < 0.
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Definition 18: Let U be an open bounded subset of C", v be a continuous
strictly positive weight and F be a locally convex space. We shall use H,_ (U, F)
to denote the space of all holomorphic functions f: U — F such that v(z)f(z)
converges to 0 as z converges to the boundary of U.

The following Proposition and Theorem are found in [4], [5] and [6]. Although
they are stated there as giving isomorphisms between the spaces, an examination
of the proofs shows that these isomorphisms are in fact isometries.

ProposITION 19 ({6, Corollary 30], (4, Satz 3.7]): Let U be a bounded open
subset of C", v be a continuous strictly positive weight on U which converges
to 0 on the boundary of U and F be a Banach space. Then (H, (U; F),|| - |lv)
is isometrically isomorphic to (H,,(U),|| - ||v)€eF.

THEOREM 20 ([6, Corollary 42], [5, Satz 3.5]): Suppose that U and V are
bounded open subsets of C® and C™ respectively with v and w continuous
strictly positive weights on U and V respectively each of which converges to 0 on
the boundary of their respective domains. Then H(,xw), (U x V) is isometrically
isomorphic to H,, (U)eH,,, (V).

ProposiTION 21: Let U be a bounded balanced open subset of C™ and v be
a continuous strictly positive radial weight on U which converges to 0 on the
boundary of U. Then H,, (U)" and ‘H,, (U) have the metric approximation
property.

Proof: By [18, Examples II1.1.4] H,, (U) is an M-ideal in H,(U). (The proof
in [18] is for the open unit disc A but is easily extended to arbitrary balanced
domains in C™. Simply replace {z : ||z|| < r} with rU.) Bierstedt, Bonet and
Galbis, [7], have shown that H,,_ (U) has the metric approximation property. [18,
Proposition I11.2.5] implies that H,,_ (U)’ has the metric approximation property.
1

COROLLARY 22: Let U and V be bounded balanced open subsets of C* and C™
respectively with v and w continuous strictly positive radial weights on U and V

respectively each of which converges to 0 on the boundary of their respective do-
mains. Then M, ) (U x V) is isometrically isomorphic to Ho,(U)' @, Huw, (V).

Proof:  Since H,, (U)" has the Radon—Nikodym property the result follows
from the Proposition 21, [16, Theorem VIIL.2.5], [16, Theorem VIII.4.6] and
[16, Theorem VIIL.4.7]. ]
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Taking strong duals again and using Proposition 21 we get that H,x., (U X V)
is isometrically isomorphic to H,(U; Hy(V)). The fact that Hyx, (U x V) is
isomorphic to H,(U;Hy(V)) was proved in [9, Theorem 7] without any con-
straints on U, V, v or w. However, examining the proofs in [9] it is clear that
this isomorphism is also an isometry.

PropPoOSITION 23: Let U and V be bounded open subsets of C™ and C™ re-
spectively with v and w continuous strictly positive radial weights on U and V
respectively each of which converges to 0 on the boundary of their respective
domains. Then Byx,,(UxV) = B,(U) x B,(V). In particular, v X w is complete
if and only if both v and w are complete.

Proof: Apply Theorem 20 and [32, Theorem 1.3]. ]

6. Associated weights

To construct examples of strictly decreasing weights v which converge to 0 on
the boundary of U and which are non-complete, we introduce the associated
weights ¥, and 0. The concept of an associated weight has been considered by
many authors (see [1], [8] and [33]).

Let U be an open subset of C™ and v be a continuous strictly positive weight
which converges to 0 on the boundary of U. We define w: U — R by w(z) =
1/v(z). The unit ball of H,, (U) is {f € H,,(U) : |f(2)| < w(z), for all z € U}
whereas the unit ball of H,(U) is {f € H,(U) : |f(2)| < w(z), for all z € U}.
We define @,: U — R by

Wo(2) = sup{|f(2)| : f € By, )}

and : U — R by
w(2) = sup{|f(2)| : f € By, )}

Let U,(2) = 1/w,(z) and ©(z) = 1/w(z). Then 9, and 7 are continuous strictly
positive weights which converge to 0 on the boundary of U and which satisfy
0 <v <9<, Wenote that ¥ and 7, are radial whenever U is balanced and v
is radial. Furthermore, Hadamard’s Three Circles Theorem implies that logw,
and logw are convex functions of log|z|. When v is a continuous decreasing
radial weight on the unit disc, [30,Theorem 2.6.6] tells us that logw, and log @
are subharmonic.
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PROPOSITION 24: Let U be a bounded open subset of C™ and v be a continuous

strictly positive weight on U which decreases to 0 on the boundary of U. If
z € B,(U) then v(z) = 0,(z).

Proof: First we observe that by definition |4, |7, (v) = 1/%6(2). Therefore, if
v(2)d, is an extreme point of the unit ball of H,,(U)’ then it must have norm
1. Hence

1
= 2 ;= (52 P = — .
1= v(2)d:n,,wy = v(2)0z]n,, @) v(z)vo(z)
Therefore, if z belongs to B, (U) we have v(z) = ,(2). |

It appears that for continuous strictly positive radial weights which converge
to 0 on the boundary of A there is a very deep relationship between the convexity
of log v and the completeness of v. If v is radial we have

log v(r) is a concave function of r

I

v is complete

4

log v(r) is a concave function of log 7.

Let v be a decreasing continuous, strictly positive, radial weight on A which
converges to 0 on the boundary of A. Suppose there are ri,ry € (0,1) with v
strictly decreasing from 0 to r; and from r5 to 1 but v is constant on the interval
(r1,72). Then the Maximum Modulus Principle will mean there is no function
f in the unit ball of H,,,(A) which has a unique maximum at any point z with
|z| in (r1,72). Hence by Proposition 24 any z with 1 < |z| < r2 cannot be a
v-peak of A. Therefore, by Proposition 9 any such z is not in B, (U).

Proposition 24 has some important corollaries that are worth pointing out.

COROLLARY 25: If v is a continuous strictly positive complete weight on the
unit ball of C™ which converges to 0 on the boundary of Bgn, then v = 9. In
particular, if v(z) Is twice differentiable strictly decreasing unitary weight and
logv(z,0,...,0) is concave down for z in (0,1), then v = ¥.

COROLLARY 26: Let v be a continuous, strictly positive weight on a bounded
open subset U of C™ which converges to 0 on the boundary of U. Then the set
{z : v(z) = 0(2)} is non-empty.

Proof:  Since H,,(U) is a dual Banach space it must have extreme point. (In
fact, it must have enough extreme points so that their closed convex hull is
equal to its unit ball.) 1
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Proposition 24 also allows us to construct examples of continuous strictly
decreasing radial weights which are not complete.
We consider the weight v: A — R,

1 -z, if0< 2| < 5
v(z) = (%exp(\/log3(log|z| +log4)))~!, ifé <zl < %;
11z, if <zl <1

Since the functions z — logz, * — /= and = — exp(x) are monotone, v(z) is
a decreasing function of |z|. For —log4 <t <log3,

log(w(e')) = log (ﬁ) = log(4/3) + v/log 3(t + log4)

is not a convex function of ¢ and hence log w(z) is not a logarithmically con-
vex function of |z|. It now follows from the remark before [8, 1.7 Examples]
that w(z) # w(z) and hence v(z) # ¥(2) for 1 < |2| < 3. This implies that
the v-boundary of A is different from A. By [10, Examples 2.1], H, (A)" is
isometrically isomorphic to H,(A).

7. Duality, smoothness and rotundness

Our knowledge of the geometry of the unit ball of H,, (U)’ allows us to deduce
a number of results about the Banach space geometry of H,, (U) and H,(U).
In [12) we have seen that it can be used to show that weak and pointwise
convergence coincide on bounded sequences in H,,,(U) and that when v is radial
or complete then H, (U) is not isometrically isomorphic to a subspace of ¢,.
The v-boundary can be used to determine the centraliser of H,, (U) and H,(U).
Here we investigate if H,, (U) can be isometrically isomorphic to a dual space
and examine the smoothness and rotundness of H,, (U) and H,(U).

PROPOSITION 27: Let U be a bounded open subset of C™ and v be a continuous
strictly positive weight on U which converges to 0 on the boundary of U. Then
H,,(U) is not isomorphic to a dual space.

Proof: Suppose that there is a Banach space X whose dual is isometrically
isomorphic to H, (U). Then H, (U) is a separable dual space and thus has
the Radon-Nikodym property. However, by [11], H, (U) is isomorphic to a
subspace of ¢, and thus, as ¢, is minimal, H,,_(U) contains a copy of ¢,. Since
the Radon—Nikodym property is inherited by subspaces, we have a contradiction
and therefore H,,, (U) cannot be isomorphic to a dual space. |
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THEOREM 28: Let U be a bounded open subset of C* and v be a continuous

strictly positive weight on U which converges to 0 on the boundary of U. Then
neither H,,,(U) nor H,(U) is smooth.

Proof:  Since H,,(U) is a closed subspace of H,(U) and smoothness is a hered-
itary property, it suffices to prove the result for H,, (U). Let us suppose that
H,,(U) were smooth. Then it would follow from the result of Smul’yan [29,
Proposition 6.9] that every norm-attaining ¢ in the unit sphere of H,,_(U)' is a
weak*-exposed point of the unit ball of H, (U)’. Applying the Bishop-Phelps
Theorem it now follows that H,, (U)' is the norm closure of multiples of its
weak*-exposed points. Therefore, given ¢ in H,, (U)’ can find a sequence of com-
plex numbers (A ) and a sequence (2x ) in U such that ¢ = limg_, oo Ag0(2k)02, -
Since limy_, o |A%| = ||¢|] the sequence (Ax)x is bounded. Therefore (Ag)x has a
subsequence (A, ); converging to some A, in C. As U is compact, (2,); has a
subsequence (zx,); which converges to some point 2, of U. Hence we have that
¢ = lmy_, 0 Ak, (2, )02, = Ao¥(25)0,. Thus every element of H,,(U)’ has the
form Av(z)d, for some A in C and some z in U. As this is impossible, H,, (U)
and hence H,(U) cannot be smooth. |

THEOREM 29: Let U be a balanced bounded open subset of C™ and v be a
continuous strictly positive radial weight on U which converges to 0 on the
boundary of U. Suppose that each point of B, (U) is a peak point. Then neither
H,,(U) nor H,(U) is rotund.

Proof: Consider a non-zero linear functional ¢ on C". Then ¢? attains its norm
in H,, (U) at the points z, and —z, for some z, in B, (U). Moreover, by multipli-
cation by a suitable scalar we may assume that v(z,)$2(z,) = v(—20)9*(—T,) =
1. As z, is a v-peak point we can find f in H,, (U) which peaks at z,. Then

1
||¢2“v = || fllo = ”5(‘1’2 +Hlle =1.
This shows that each point of the unit sphere of H,,,(U) cannot be an extreme
point. This proves that H,, (U) and hence H,(U) cannot be rotund. [ |
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